The nucleon is naturally viewed as a bipartite system of valence spin -defined by its non-vanishing chiral charge -and non-valence or sea spin. The sea spin can be traced over to give a reduced density matrix, and it is shown that the resulting entanglement entropy acts as an order parameter of chiral symmetry breaking in the nucleon. In the large-Nc limit, the entanglement entropy vanishes and the valence spin accounts for all of the nucleon spin, while in the limit of maximal entanglement entropy, the nucleon loses memory of the valence spin and consequently has spin dominated by the sea. The nucleon state vector in the chiral basis, fit to low-energy data, gives a valence spin content consistent with experiment and lattice QCD determinations, and has large entanglement entropy.
Introduction. An important goal of present-day nuclear science is the development of a qualitative and quantitative understanding of the structure of the proton directly from the underlying QCD interactions. For instance, the decomposition of the spin of the proton into components that have a well-defined interpretation in terms of the fundamental quark and gluon degrees of freedom of QCD is a primary goal [1] . QCD reveals that the proton is a complicated many-body quantum system, and therefore the breakdown of its spin content is highly complex and requires intrinsically non-perturbative methods to unravel. Recent work in lattice QCD addresses the nucleon spin decomposition in a quantitative manner with controlled uncertainties [2] [3] [4] . However, qualitative features of this decomposition, such as the suppression of the nucleon's valence spin content, remain enigmatic, and call out for an explanation grounded in QCD.
The complex decomposition of the nucleon spin is a striking signature of strong entanglement among the nucleon's constituents. How does one characterize nucleon entanglement in a strongly-coupled quantum field theory like QCD? One way is to partition the nucleon state vector into a bipartite system, trace over one of the subspaces, and obtain an entanglement entropy. This partitioning has been done in momentum space in the context of high-energy scattering [5] , and in position space in the context of deep-inelastic scattering [6] . These partitionings rely on being in a regime of large momentum transfer where non-perturbative aspects of QCD are subsumed into parton distribution functions. Many interesting findings and potential experimental signatures are found in these studies; a common qualitative conclusion is that in high energy processes the nucleon constituents decohere, giving rise to a maximal entanglement entropy given by the logarithm of the number of gluons in the nucleon, which grows exponentially with energy in a known manner [7, 8] .
In this letter, it is argued that spin entanglement between valence and non-valence spin degrees of freedom provides valuable insight into the nucleon spin decomposition, and, more generally, into the nature of chiral symmetry breaking in QCD. As a first step toward addressing spin entanglement in the nucleon, special care must be taken to define a relativistic nucleon state vector which represents the internal degrees of freedom of the nucleon in a manner that is independent of kinematics. This is achieved through the use of light-cone coordinates; that is, using null-planes as quantization surfaces. In the Fock-space basis, which emerges naturally in lightcone coordinates, the nucleon state vector of definite helicity is built out of elements labeled by the number of fundamental QCD constituents, which we will refer to in this letter as partons. The nucleon state vector can also be expressed in a chiral basis, which makes use of a fundamental property of the null-plane quark fields: states of definite helicity transform irreducibly with respect to the chiral symmetry group. The chiral basis therefore suggests a natural bipartite Hilbert space description of the nucleon state vector: the valence space is by definition the space which carries non-vanishing chiral charge, while the non-valence space, or parton sea, carries spin, but no chiral charge. The entanglement entropy between these two subspaces drives chiral symmetry breaking in the nucleon and provides both a qualitative and quantitative explanation of why the valence spin content of the nucleon is so small. A relativistic state vector. In non-relativistic quantum mechanics, the state vector of a many-body system describes the internal degrees of freedom in a manner that is independent of the choice of reference frame. This is because the underlying kinematics is governed by the Galilean group, and Galilean boosts do not depend on the interaction. By contrast, in a relativistic theory of quantum mechanics, the spacetime symmetry group is the Poincaré group. In general, the Poincaré boost operator depends on the interaction, unless a foliation of spacetime is chosen such that the boost operator is nondynamical [9] . This can be realized if null-planes are chosen as initial quantization surfaces [9] [10] [11] . In this choice of light-cone coordinates, the energy and the two transverse components of spin are dynamical, while the boosts, the momenta and the longitudinal component of 2 spin -the helicity -are kinematical. In an arbitrary reference frame, the energy and transverse spin which act on the internal degrees of freedom are described by the (Hamiltonian) operators M 2 and M J r (r = 1, 2), respectively, which commute with boosts and momenta, and together with J 3 , satisfy the algebra of the Poincaré group [11] . An eigenstate of momentum and helicity, describing a nucleon, N , can be expressed as
where p + and p ⊥ are the longitudinal and transverse components of the nucleon momenta, respectively 1 , and Λ is the total helicity, the eigenvalue of J 3 . The direct product on the right indicates that the part of the state which describes the internal degrees of freedom can be separated completely from the kinematics. Achieving this separation is essential as otherwise there is no starting point for a description of the state vector of a nucleon which represents the internal degrees of freedom. In principle, specification of the operators M 2 and MJ r , which act on the state |N , Λ , followed by diagonalization completely solves the dynamics. While this is intractable in QCD, the symmetry properties of these operators can be exploited to powerful effect, as will be seen below. Fock-space expansion and the chiral basis. The separation of dynamics and kinematics described above allows the Fock-basis expansion of the nucleon state, in which the state vector is given by a (infinite) sum of contributions labeled by the QCD field content 2 . The contributions involving the fewest numbers of partons have been worked out in Refs. [13, [16] [17] [18] . The dynamical light-cone quark field ψ + is 
where x i is the longitudinal momentum of the quark in units of the proton longitudinal momentum, the shorthand, κ i ≡ (x i , k i⊥ ), has been used, the integrations are over all constituent momenta, and φ(κ 1 , κ 2 , κ 3 ) is the (Fourier transform of the) light-cone wavefunction for this particular Fock component. Here the states are labeled by the QCD field content, the total valence quark light-cone helicity, and all other sources of helicity (including orbital components), respectively. Therefore, for instance, a Fock component of the helicity-1 2 proton with, in addition to the valence quarks, one gluon and no source of orbital angular momentum could be labeled as
Note that in Eq. 3, the proton is in the special frame with p + = 1 and p ⊥ = 0. The Fock component in a boosted frame is obtained by simply re-labeling the momenta of the field creation operators, while leaving the wavefunction, which carries the internal information, unchanged, in accord with the claim made above that the internal degrees of freedom are cleanly separated from the kinematics. The difficulty with the Fock expansion of the nucleon state vector is that there is no small parameter in QCD to indicate which components should dominate out of the infinite space of possible contributions (the large-N c approximation is an exception as we will argue below).
Assuming QCD with two massless flavors, and therefore SU (2) L ⊗ SU (2) R chiral symmetry, the associated light-cone charges are straightforward to construct [12] . With these charges, it is found that the light-cone quark fields of definite helicity transform irreducibly with respect to the chiral group SU (2) L ⊗ SU (2) R :
Hence in the chiral basis, the most general helicity- 
where R is an SU (2)-isospin representation in the product R R ⊗ R L . The total helicity operator is divided into a valence spin operator,Ŝ 3 , and an operator,P 3 , that counts all other sources of spin:
so thatŜ 3 | λ = λ| λ ,P 3 | p 3 = p 3 | p 3 and the total helicity is Λ = λ+p 3 . In QCD, the gauge-invariant operatorŜ 3 is, up to a factor of two, given by the anomalous U (1) A chiral charge [12] . This decomposition is therefore gauge invariant, but scale dependent.
FIG. 1.
Nucleon as a collection of partons with some distribution in x (left panel). As the partons with low-x are integrated out (middle and right panels), the ground state should be described in terms of some valence degrees of freedom (red dots) and a finite number of sea partons (black dots), where the blue rings indicate that the partons and their interactions are dressed by the renormalization-group evolution.
Like the Fock basis, the chiral basis is a priori infinite dimensional, as each of the six classes of states of definite chiral charge can couple to any number of helicity states in the sea. An important advantage of the chiral basis is that the chiral transformation properties of the energy and transverse spin are known in QCD [12, 19, 20] . In particular, both the energy M 2 and the transverse spin MJ r transform as linear combinations of (1, 1) and (2, 2)
and likewise for the transverse spin.
A second, related, advantage of the chiral basis is that the large-N c limit of the nucleon Λ = 2 , 0 ). These state assignments are easily shown to be equivalent to placing the degenerate nucleon and ∆ in the 20-dimensional representation of SU (4) [12, 21] , which is the large-N c expectation. The success of the large-N c expansion in describing nucleon properties [22] [23] [24] suggests that the nucleon state vector is dominated by the large-N c component with an admixture of other components which would provide the nucleon-∆ mass splitting as well as a source of non-valence spin. It is unclear from the perspective of the large-N c approximation how to account for subleading corrections to the large-N c limit in the chiral basis. However, simple renormalization group (RG) arguments suggest that the nucleon state vector may be well-approximated by a small number of components [25, 26] .
The renormalization group, wee partons, and the vacuum. Consider a nucleon on the initial hyperplane defined by x + = 0 and with longitudinal momentum p + and in a frame with vanishing transverse momentum. On the initial time slice, a nucleon is defined to be a collection of (quasi)free massless partons, each of which is labeled by i and carries a longitudinal momentum fraction
+ and a transverse momentum k i⊥ so that the nucleon energy is
In null-plane quantization small x i means high energy, and therefore integrating out high-energy physics is equivalent to integrating out low-x i partons (so-called wee partons). Assuming, for simplicity, that interactions are local in x i (nearest-neighbor), and integrating out shells, one first integrates out all partons with x i < x 1 . Integrating out these small x i partons result in "dressed" partons that have new interactions with the "frozen partons" that are represented by effective Hamiltonians with a hierarchy of interactions governed by the small parameter x 1 /x i [25, 26] . Schematically, the energy takes the form
where the dots represent the frozen degrees of freedom with x i < x 1 . The first term represents the active, dynamical partons, while the second term corresponds to the interaction of these partons with the frozen sea.
As non-perturbative physics in null-plane quantization is carried by the low-x i partons, this second term carries the chiral-symmetry breaking contribution to the energy; i.e. the part of the energy that carries non-vanishing chiral charge and transforms as (2, 2) with respect to the chiral group: M 2 22 . One can then further integrate out the partons with x i < x 2 , etc. Finally this procedure results in a description of the ground state that involves a minimal number of partons -presumably the valence partons -interacting with a few sea partons. This procedure of integrating out low-x i partons is illustrated in Fig. 1 . The resulting effective Hamiltonians are complicated, because, as noted above, all of the vacuum physics is low-x i physics and therefore the RG evolution necessarily accounts for the non-perturbative physics of QCD. The practical consequence of this simple RG argument is that the nucleon ground state can be described by a nucleon state vector, with a finite number of states of definite chiral charge, whose detailed form can be fit to experimental data. Crucially, the truncation of the chiral basis is scale dependent as it depends on the energy cutoff, x . Spin entanglement defined. In the chiral basis, the nucleon state vector decomposes into a bipartite Hilbert space H A ⊗H B , illustrated in Fig. 2 , in which the valence helicity lives in H A , and all other sources of helicity live in H B . If measuring the valence helicity content of the nucleon, the sea is traced over to give the reduced density matrix of the valence helicity,
and the entanglement entropy is
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FIG. 2. Bipartite Hilbert space HA ⊗ HB consisting of the valence quark helicity (HA) and the helicity of the parton sea (HB). This decomposition, as illustrated here, does not imply that the valence charges are in any sense localized in space.
The general form of the nucleon state vector is
where n χ (n s ) is the number of valence (non-valence) states. Generally, it is expected that n s n χ , as is the case in the Fock expansion where components with arbitrary numbers of sea partons can contribute, however, the renormalization group argument given above suggests that many of the components are high-energy degrees of freedom that can be integrated out of the ground-state state vector under consideration. In any event, the Schmidt decomposition theorem reveals that via a basis change, the state vector can be expressed in a basis of dimension given by n = min{n χ , n s }. It is convenient to view the nucleon state vector as a perturbation of the large-N c result,
which is a product state (n = 1) and therefore has vanishing entanglement entropy. As the matrix element of the symmetry-breaking energy, M 2 22 , vanishes between these states and turns on only when the nucleon state vector ceases to be a product state, it is clear that the spin entanglement defined here is intimately related to chiral symmetry breaking and, consequently, to the nucleon spin decomposition. Evidently, chiral symmetry is broken in the nucleon if and only if n > 1. Therefore, some measure of entanglement is acting as an order parameter of chiral symmetry breaking. This claim is considered in generality in Ref. [27] . Here a simple two-component model which captures the essence of the idea is explored. An illustrative model. Consider the simplest nucleon state vector that extends the large-N c result to include chiral symmetry breaking:
The state orthogonal to the nucleon in this model may be viewed as a collective of isodoublet excited states of both parities. The vector space spans the reducible chiral representation (1, 2)⊕(2, 3). The large-N c limit is recovered as ψ → 0, and the matrix element of the symmetrybreaking Hamiltonian scales as N ,
The valence or intrinsic helicity contribution is N , 
from which follows the entanglement entropy
The probability amplitude for a spin-flip interaction is
This amplitude depends not on the parton momentum fractions, which are integrated over in the state vector, but rather on the cutoff on the parton momentum fractions, x , as suggested by the RG arguments given above. A simple way of modeling this amplitude is to neglect sea quarks and assume that there are interactions between one of the valence quarks -which carries longitudinal momentum fraction x , and a sea of gluons [28] . Taking G(x ) to be the density of the sea of gluons relative to valence quarks and P(x ) to be the probability of a spin-flip interaction between the valence quark and the sea, then 1 2 P(x )G(x ) + 1 is the number of spins aligned in the initial direction of the valence quark's spin and 1 2 P(x )G(x ) is the number of spins in the opposite direction. Assuming a purely statistical distribution of the spins among interacting partons gives the probability of a spin-flip interaction
Note that if there is no spin-flip interaction, then this amplitude vanishes and the large-N c result is recovered. In terms of the valence quark spin content of the nucleon,
Since the density of the sea, as given by the gluon distribution function, is expected to diverge as a power law with x , it is expected that
where δ is a positive number (assuming BFKL evolution for the gluon distribution function [7, 8] , δ ∼ 4α s N c log 2/π, where α s is the strong coupling constant and N c is the number of QCD colors). As the cutoff
that if there is no spin-flip interaction, then this amplitude vanishes and the large-N c t is recovered. In terms of the valence quark spin content of the nucleon,
assume that the density of the sea diverges as a power law with x, then cos 2 !
e is a positive number. This drives the nucleon to the maximally entangled state | N , 20) the nucleon spin is given entirely by the angular momentum of the sea.
ealistic nucleon wavefunctions
Search strategy iori the nucleon null-plane wavefunction is in an infinite dimensional reducible representaof the chiral group. However, arguments made above based on the renormalization group est that through successively integrating out low-x partons, the null-plane wavefunctions e ground-state should be describable with the valence partons and a few partons from ea, which translates into a finite dimensional representation of the chiral group. Our is to find a representation of the nucleon state that goes beyond the large-N c limit so as clude chiral symmetry breaking and which is consistent with the stringent experimental raints. The following strategy will be adopted. As has been made clear above, the results ied by SU (4) contain the physics of the the large-N c limit. Therefore, it is reasonable e this symmetry as a guide in finding the subleading corrections. The decomposition of quarks in the fundamental of SU (4) oted above, the large-N c limit is described by the 20 S . A sensible approach is to consider ixing of the 20 S with each of these represenations as the source of chiral symmetry ing. Note however that the representations will be built from the chiral helicity states not the spin-flavor states that are given in the Appendix.
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from which follows the entanglement entrop
The probability amplitude for a spin-fli sin = h(r L , r A simple way of modeling this amplitude i one of the valence quarks -which carries l gluons [17] [18] [19] . Denoting N (x) to be the quarks and H(x) to be the probability of a and the sea, then d get the density matrix for the valence content de for a spin-flip interaction is given by
his amplitude is to assume that there are interactions between which carries longitudinal momentum fraction x, and a sea of (x) to be the density of the sea of gluons relative to valence probability of a spin-flip interaction between the valence quark ) + 1 is the number of spins aligned in the initial direction of the is taken to zero and the density of gluons diverges, the nucleon is driven to the maximally entangled state with ψ = 45
• , and the nucleon spin is given entirely by the spin of the sea. Of course, this divergence is expected to be cut off by some kind of saturation mechanism [29] . The behavior of the entanglement entropy as a function of chiral symmetry breaking and valence spin content is shown in Fig. 3 . The value of the mixing angle can be fit directly to low-energy data. In this model, it is straightforward to find the nucleon and ∆ axial and vector couplings. For instance, |C ∆N | = 2 cos ψ and |g A | = 1 3 (4 + cos 2ψ). Fitting |C ∆N | to the ∆-resonance decay width to pions gives ψ = 41 ± 4
• which determines, among other things [27] , g A = 1.38 ± 0.05, ∆Σ = 0.14 ± 0.13 and S N = 0.98 ± 0.02 (in units of the maximum entropy of log 2). This result for the valence spin content is to be compared to ∆Σ = 0.36 ± 0.09 taken from the JAM collaboration's global analysis [30] , at a renormalization scale of Q 2 = 1 GeV 2 . Realistic model-independent state vectors. In realistic models of the nucleon state vector, the number of states in the sum, Eq. 11, should grow as the RG scale x is reduced, with the mass of the highest excitation in the nucleon's chiral representation setting the scale of the separation into valence and sea spin. Detailed construction of such realistic models is beyond the scope of this letter but may be found in Ref. [27] . Many of the generic features of the two-component model persist in more realistic state vectors: for instance, the large-N c component is always dominant due to the prominent nucleon-∆ axial transition, but not so much so that it has much of an effect on the entanglement entropy, which is always near its maximum value 4 . The valence spin content in these models is generally small and consistent with the experimental range, as expected in a system where the entanglement entropy is large. Conclusion. Entanglement between the valence and non-valence helicity components of the nucleon state vector drives chiral symmetry breaking in the nucleon. The entanglement entropy therefore acts as an order parameter of chiral symmetry breaking in the nucleon, and provides an explanation for why the valence spin content of the nucleon is small in the following sense. The interaction of the valence chiral charge with the sea, which breaks chiral symmetry, becomes stronger as the density of sea partons increases and the entanglement entropy rises. The separation between valence and non-valence spin is scale dependent, and the renormalization group implies that a state vector with a small number of components should suffice to provide a reasonably accurate description of the ground state.
As the highly-energetic sea partons are integrated out, reducing the size of the vector space, the entanglement entropy decreases and the valence spin content of the nucleon increases. Conversely, as more sea partons are integrated in, increasing the size of the vector space, the entanglement entropy increases till it reaches its maximum value where presumably some kind of equilibrium or saturation state is achieved. It is interesting that this pattern of RG evolution is consistent with perturbative QCD evolution [32] . Realistic models of the nucleon state vector in the chiral basis which are fit to low-energy observables give values of the valence spin content which are consistent with experiment and with lattice QCD simulations, and possess an entanglement entropy near its maximum value. It would be interesting to access this chiral entanglement entropy in lattice QCD simulations.
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